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Abstract 

The effect of quantum torsion in theories of quantum gravity is usually described by an axion- 
like field which couples to matter and to gravitation and radiation gauge fields. In perturbation 
theory, the couplings of this torsion-descent axion field are of derivative type and so preserve a shift 
symmetry. This shift symmetry may be broken, if the torsion-descent axion field mixes with other 
axions, which could be related to moduli fields in string-inspired effective theories. In particular, 
the shift symmetry may break explicitly via non-perturbative effects, when these axions couple 
to fermions via chirality changing Yukawa couplings with appropriately suppressed coefficients. 
We show, how in such theories an effective right-handed Majorana neutrino mass can be generated 
at two loops by gravitational interactions that involve global anomalies related to quantum torsion. 
We estimate the magnitude of the gravitationally induced Majorana mass and find that it is highly 
model dependent, ranging from multi-TeV to keV scale. 



I. INTRODUCTION 



The recent discovery [l| of the Higgs boson at the 
CERN Large Hadron Collider (LHC) constitutes an im- 
portant milestone for the Ultra- Violet (UV) completion 
of the Standard Model (SM). Although the so-called 
Higgs mechanism may well explain the generation of most 
of the particle masses in the SM, the origin of the small 
neutrino masses still remains an open issue. In particu- 
lar, the observed smallness of the light neutrino masses 
may naturally be explained through the see-saw mecha- 
nism [2j, which necessitates the Majorana nature of the 
light (active) neutrinos and postulates the presence of 
heavy right-handed Majorana partners of mass Mr. The 
right-handed Majorana mass Mr is usually considered to 
be much larger than the lepton or quark masses. The ori- 
gin of Mr has been the topic of several extensions of the 
SM in the literature, within the framework of quantum 
field theory 0, 0| and string theory [3| ■ 

Recently, a potentially interesting radiative mechanism 
for generating gauge-invariant fermion masses at three 
loops has been studied in The mechanism utilizes 
global anomalies triggered by the possible existence of 
scalar or pseudoscalar fields in U(l) gauge theories and 
by heavy fermions F whose masses may not result from 
spontaneous symmetry breaking. One-loop quantum ef- 



fects of the heavy fermions F give rise to a global chiral 
anomaly given by 



a(x)F^(x)*F^(x) 



(1) 



where a(x) is a pseudoscalar field, F^ v denotes the U(l) 
gauge field Maxwell tensor and = | e^^Fp^ is its 
dual. Moreover, it was assumed in [j| that the pseudo- 
scalar field a{x) couples to chirality-changing fermion bi- 
linears, fi'jsf, via the Yukawa-type couplings 



Va a(x) finfcf 



(2) 



The fermions / are assumed to have zero bare masses. 
However, as was explicitly demonstrated in [5(, the 
fermions / can receive a non-zero mass at the three- 
loop level, through the anomalous interaction ([1} and 
the chirality-changing Yukawa couplings ([2]). 

It was further suggested in [j| that this mass- 
generating mechanism can also be applied to create low- 
scale fermion masses by pure quantum gravity effects. 
In this case, the role of the U(l) gauge field strength 
tensor F^ v will be played by the Riemann curvature ten- 
sor Rpvpa, and hence the role of the gauge fields by the 
gravitons. Such a gravitationally-generating mass mech- 
anism could straightforwardly be applied to fermions 
without SM quantum charges, such as Majorana right- 
handed neutrinos, which we restrict our attention here. 
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In such a framework of quantum gravity, the operator ([T]) 
is expected to be replaced by an operator of the form 

a(x) R^ pa W pa (3) 

where a(x) is an appropriate pseudoscalar field and 

* R ^pa = l e ^ a p R ^P<r denotes the dual Ri emann cur _ 

vature tensor. 

It is the purpose of this paper to present explicit sce- 
narios of quantum gravity and provide reliable estimates 
of the gravitationally induced right-handed Majorana 
mass Mr. Although quantum gravitational interactions 
are non-renormalizable, nevertheless there are aspects of 
the theory that can be exact, in a path integral sense, and 
these are related to some aspects of torsionful manifolds. 
Torsion appears as a non-propagating form- valued pseu- 
doscalar field b(x) in a quantum gravity path integral and 
as such it can be integrated out exactly. As we explain 
in this paper, the effect of torsion would result in anoma- 
lous operators analogous to ([3]), which are instrumental 
in the generation of Majorana fermion masses. 

Nevertheless, in addition to the torsional field b(x), the 
presence of extra pseudoscalar fields a{x) are required for 
generating a chirality violating Majorana mass Mr. The 
reason is that the couplings of the torsional axion field 
b(x) are of derivative type and preserve a shift symme- 
try: b{x) — > b{x) + c, where c is an arbitrary constant. 
As a consequence, chirality is conserved in the massless 
limit of the right-handed neutrinos, thus forbidding the 
generation of a Majorana mass Mr. However, the shift 
symmetry may break explicitly via non-perturbative ef- 
fects, when these axions couple to fermions via chirality 
changing Yukawa couplings y a of the form ([2]). The size 
of the Yukawa coupling y a is highly model dependent, 
implying a wide range of values for the gravitationally- 
induced Majorana mass scale Mr. 

This paper is organized as follows. After this intro- 
ductory section, Section II reviews some basic proper- 
ties of manifolds with quantum torsion, within field- 
theoretic and string-theoretic frameworks. In Section III 
we present an explicit effective field-theoretic scenario of 
quantum torsion that can give rise to an anomalous Ma- 
jorana neutrino mass generation at two loops. Finally, 
Section IV summarizes our conclusions and presents pos- 
sible future directions. 



II. PROPERTIES OF QUANTUM TORSION 

Quantum field theories in space-times with torsion ex- 
hibit some interesting properties, which are known for 
some time [6]. In theories with fermions, torsion is intro- 
duced necessarily in the first-order Palatini formalism, 
where vierbein and spin connections are treated as inde- 
pendent variables (Einstein-Cartan theory) Q- In what 
follows, we discuss various cases where torsion appears 
in the spectrum of a quantum-gravity model. We shall 
examine first a string theory models and then proceed to 
argue that certain properties of quantum torsion, such as 



those related to chiral (axial) anomalies, are generic to 
field theories with fermions and can arise in ordinary local 
field theoretic models, not only strings. Let us commence 
our discussion from string theory, not as much for histor- 
ical purposes, but because the latter provides a concrete 
UV complete theoretical framework for quantum gravity. 



A. Quantum Torsion and KR Axions in String 
Theories 

In string theories, torsion is introduced as a conse- 
quence of the existence of the antisymmetric tensor field 
B^u = —B vp existing in the gravitational multiplet of the 
string. Indeed, as a result of the stringy "gauge" symme- 
try — > B^ + d[^B v ^, the low-energy string effective 
action depends only on the field strength 

Hp,vp = d{p,B V p\ (4) 

where the symbol [. . . ] denotes antisymmctrization of the 
appropriate indices. In fact, it can be shown [8| that the 
terms involving the field strength perturbatively to each 
order in the Regge slope parameter a' can be assembled, 
in such a way that only torsionful Christofell symbols, 
such as r^„, appear. In this formalism, the torsionful 

Christofell symbol T^ p is defined as 

= ^v P + ^= Hup ^ r^„ , (5) 

where T^ p — is the ordinary, torsion-free, symmetric 
connection, and k is the gravitational constant given by 

k 2 = 8irG N = , (6) 

where Gn and Mp are Newton's constant and the Planck 
mass, respectively. Consequently, terms involving the 
generalized Riemann curvature tensor R^ pr7 , appear in 
the effective action. In the context of (super)string the- 
ories || , anomaly cancellation requires that Lorentz and 
gauge Chern Simons terms are added to the field strength 
of the B field so that one may defines a new field-strength 

three- form H = dB + |^£l£ — Qyj such that the fol- 
lowing Bianchi identity is implied: 

d H = — Tr(R AR-FAf) , (7) 

where R denotes the gravitational Riemann curvature 
four-form without H-torsion and F the gauge field 
strength two form, which includes the torsion. The A 
symbol denotes appropriate contractions with the vier- 
beins e°, while the trace is taken over all possible group- 
theoretic structures. To lowest order in a! , where we shall 
restrict our attention here, the effective action in a four- 
dimensional space-time (obtained after compactification 
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and up to a total divergence) reads 

1 



d A x, 



'(2^2 



R 



-H avo H^p 



L R - -k 2 H u 
3 ^ 



(8) 



where in the second line we used the generalized torsion- 
ful connection ([5]). The gravitational constant k 2 con- 
tains all the appropriate compactification volume factors 
and string coupling terms, in particular we have the fol- 
lowing relation from string theory 



— M 2 V {c) = — 
g 2 s 2k 2 



(9) 



with M s = \j\fa' the string mass scale and g s the string 
coupling assumed weak g s < 1. We assume constant 
dilations <j) in four dimensions for our purposes here. In 
general, for non constant dilations g s = exp(</>) is a field- 
dependent quantity. 

In four dimensions, we may define the dual of H, 
Y = *H, or equivalently in components, 



-3 V2d a b 



s/=ge la , p „H>»"> , (10) 

after adopting the normalizations of [10(. The field b{x) 
is a form- valued pseudoscalar field, with a canonically- 
normalised kinetic term, which we call from now on the 
Kalb-Ramond (KR) axion [TTJ] , in order to distinguish it 
from other axion-like fields coming, e.g. from the moduli 
sector of string theory, which we shall also employ in our 
analysis. Using the definition (|10j) we may rewrite the 
Bianchi identity ([7]) in the form 



a' 

32^T 



9 tfivXa 



(11) 

where V CT is the torsion-free gravitational covariant 
derivative and R... are the components of the torsion- 
free curvature tensor. The Latin indices a, d are tangent 
space indices as usual. Using pT|) in flSJ) and performing 
a partial integration, we arrive at the following form of 
the string-inspired four-dimensional effective action with 
H-torsion [Toj]: 

1 „ 1 
2< 



S^ = 



-fJ 



—R-- dlM b(x)d»b(x) 



V2 



b(x) e^ p \ 



R Ju> R pXad 



(12) 



192k 

The close relation of the H-torsion to the appearance of 
an axion-like field in the effective action is not unique 
to string theory. In the next subsection we proceed to 
discuss a field theoretical case where similar effects take 
place. 



induced axion to gravity and gauge fields as in (TT2"j) . by 
employing quantum anomalies of the axial fermion cur- 
rent. Indeed, let us consider Dirac QED fermions in a 
torsionful space-time. The Dirac action reads: 



Sib — -z 



where T>,, 



d A x, 



-9 



vji-tp^yfiA (13) 



\7 p — ieAp, with e the electron charge and 
Ap the photon field. The overline above the covari- 
ant derivative, i.e. V M , denotes the presence of torsion, 
which is introduced through the torsionful spin connec- 
tion: uj ab p = uj ab p + K abfJ ,, where K ab p is the contorsion 
tensor. The latter is related to the torsion two-form T a = 
d e a + aJ a A e b via @, EH : K abc = § (r cab - T abc - T bcd ) . 

The presence of torsion in the covariant derivative in 
the Dirac-like action (fl"3"|) leads, apart from the standard 
terms in manifolds without torsion, to an additional term 
involving the axial current J§ = tp^^tp: 



-gS^ipj^ip 



SA*J 5 (14) 



where S = *T is the dual of T: S d 

Wc next remark that the torsion tensor can be decom- 
posed into its irreducible parts [6|, of which Sd is the 
pseudoscalar axial vector: 

Tfiup "ziT^g^p Tpg^v) ~z-^iivpo S + qpup , (15) 

with epup a q l/pa = q' pv = 0. This implies that the contor- 
sion tensor undergoes the following decomposition: 



*-abc — "Z^abcdS + K abc 



(16) 



where K includes the trace vector Tp and the tensor qp Vp 
parts of the torsion tensor. 

The gravitational part of the action can then be writ- 
ten as: 



Sc 



1 

2^2 



d x*/^g[R + A 



3 
4^2 



SA*S, (17) 



where A = K X ^K VI * X 



TSllV TS X 
" V^flX 1 



with the hatted 

/\ f p/\ 

notation defined in 

In a quantum gravity setting, where one integrates over 
all fields, the torsion terms appear as non propagating 
fields and thus they can be integrated out exactly. The 
authors of [10( have observed though that the classical 
equations of motion identify the axial-pseudovector tor- 
sion field Sp with the axial current, since the torsion 
equation yields 



B. Quantum Torsion and KR Axions in Field 
Theory 

As observed in [l(| in the context of QED in torsionful 
manifolds, one obtains similar couplings of the torsion- 



K„ 



TeUahcdtp-y^tp . 



(18) 



From this it follows d*S = 0, leading to a conserved 
"torsion charge" Q = J *S. To maintain this conserva- 
tion in quantum theory, they postulated d *S = at the 
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quantum level, which can be achieved by the addition 
of judicious counter terms. This constraint, in a path- 
integral formulation of quantum gravity, is then imple- 
mented via a delta function constraint, 5(d*S), and the 
latter via the well-known trick of introducing a Lagrange 
multiplier field $(:r) = (3/«; 2 ) 1 / 2 6(a;). Hence, the rele- 
vant torsion part of the quantum-gravity path integral 
would include a factor 



J DSDb exp [i J -^SA*S - 7SA *J 5 + ( AV^'i'S 



4k 2 



2k- 



Db exp [ - i f -db A *db + ^-db A *J 5 + J 5 A J 5 ] 



(19) 



case (jT2|) . In addition, the torsion lead to repulsive four- 
fermion interactions involving the axial current. Crucial 
to the above derivation was, however, the postulation 
of the conservation of the torsion charge at the quan- 
tum level, as expressed by the constraint d*S = 0. The 
resulting axion field has originated from the Lagrange 
multiplier field implementing this constraint. In the sub- 
sequent section we present an alternative derivation of 
this result. 



Alternative Proof of the Connection of Axions 
to Torsion in Field Theory 



where 



h = (3k, 2 /8)- 1/2 



M P 



3tt 



(20) 



and the non-propagating S held has been integrated out. 
The reader should notice that, as a result of this integra- 
tion, the corresponding effective held theory contains a 
non-renormalizable repulsive four-fermion axial current- 
current interaction . 

We may partially integrate the second term in the ex- 
ponent on the right-hand-side of (TT9)) and take into ac- 
count the well known held theoretic result that in QED 
the axial current is not conserved at the quantum level, 
due to anomalies, but its divergence is obtained by the 
one-loop result [13j : 



= G(A,u) . 



192^ 2 



(21) 



Observe that in ([21]) the torsion-free spin connection has 
been used. This can be achieved by the addition of proper 
counter terms in the action [loj . which can convert the 
anomaly from the initial G(A,ZU) to G(A, oj). Using (|2"Tj) 
in (TT91 one can then obtain for the effective torsion action 
in QED 



Db exp 



-d6A*d&- 
2 



1 



1 



— bG(A,u) + — 2 .TAJ 



f, 



(22) 

Thus, even in ordinary held theories, we obtain the cou- 
pling of the KR axion to the curvature and gauge held 
strengths: bG(A, uj), exactly as we obtained in the string 



1 This term will induce a cubic term in the equations of mo- 
tion for the fermions. Under the assumption of formation of 
a (Lorentz violating) fermionic condensate of the axial current, 
it was recently argued [121 ] that Dirac fermions may lead to C- 
and CPT-violating differences between the fermion-antifermion 
populations in the finite temperature environment of the Early 
Universe. In contrast, for a Majorana spinor of interest to us, 
the Majorana condition i/> c = tp entails that a Majorana fermion 
is its own antiparticle and so there is no such a violation of CPT. 



We shall now provide a different proof concerning the 
fundamental geometrical properties of the torsion at the 
quantum level. To this end, we concentrate on the work 
of [14|, which discusses fermionic torsion in first-order 
Palatini formalism of fermions in curved space times. Al- 
though the motivation of that work was an attempt to 
connect some aspects of loop quantum gravity theories to 
Ashtekar canonical formulation of quantum gravity, nev- 
ertheless the used formalism will allow us to discover the 
above-mentioned torsion-induced axions from a different 
viewpoint. 

As noted in jTH, in the case of Dirac fermions in a 
manifold with torsion, if one uses the naive version of 
the Dirac action (|13[) . decomposes the torsion tensor in 
its irreducible parts, and uses the equations of motion, 
then the trace vector part T M is found proportional to the 
axial fermion current J^, which is inconsistent with the 
respective Lorentz transformation properties. Such an 
inconsistency is remedied by adding to the action a total 
derivative term which can be expressed solely in terms of 
topological invariants, namely the so-called Nieh-Yan in- 
variant density [lj| , and a total divergence of the fermion 
axial current: 



Sllolst 



-i\ I d A x [/NY+tV 5 "] 



_ Aivpa 



(23) 



where 77 is a constant real parameter, E^" 6 = , the 

over line above the curvature tensor denotes the inclusion 
of torsion and K^ up is the contorsion tensor defined pre- 
viously. Notice that in the last equality for the Nieh-Yan 
topological invariant we took into account the fact that, 
for the torsion (|18p. the term quadratic in the contorsion 
in Jny vanishes 2 . Then, on account of (TT5)) . we observe 
that in the case with fermionic torsion, both terms in the 



2 We note in passing that the parameter r\ in {23} is related to 
the so-called Immirzi-Barbero parameter of loop quantum grav- 
ity. Such completions of torsionful-space-time gravity theories, 
with the above topological invariant terms, have been included 
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space-time integrand of the Hoist action turn out to be 
proportional to the divergence of the axial current, which 
can be expressed in terms of the (torsion-free) curvature 
and gauge field strengths through the anomaly equation 
(EE]) 3 . 

By promoting the constant parameter 77 into a pseu- 
doscalar field [17], 



V 



(24) 



we notice that the term involving the divergence of the 
axial current in (I23|) yields, upon using the anomaly equa- 
tion (|2"Tj) . a similar term in the effective action as the 
one involving the axion fields in string theory or in QED 
through implementing the appropriate constraints by La- 
grange multipliers, and thus we can identify the non con- 
stant field rj(x) with the axion b(x) 



rj{x) = b{x) . 



(25) 



The kinetic terms for the field 77 are obtained by using the 
equations of motion and identifying extra contributions 
in the contorsion involving derivatives of the field. This 
identification has also been conjectured in 17J without 
having prior knowledge of the works of (Toj . Indeed, it 
was shown in [l7| that the torsionful spin connection in 
a theory with fermions and a non constant r\ (x) = b{x) 
is modified compared to the constant 77 case as follows: 



ui 



ab 



, ab (e) + \e ab cd e£ ( K J 5d - 2^d f b{x)) , (26) 



where 77^ is the Minkowski metric on the tangent space. 
The quadratic parts of the torsionful spin connection 
then yield [13] kinetic terms for the field b(x) and an 
effective action of the form (|19|) . which, upon using the 
anomaly equation (|21[) . implies the axion-curvature cou- 
plings mentioned above in (1221) . 

Consequently, we seem to have established that the 
presence of the coupling of axion to spatial curvature and 
the dual of the curvature tensor is a rather generic feature 
of torsionful theories of space time. We next proceed to 
apply the above ideas to the problem of gauge invariant 
Majorana mass generation, without spontaneous symme- 
try breaking, for right-handed Majorana neutrinos, that 
carry no Standard Model charges, and are thus suscepti- 
ble to the effects of torsion. 



for consistency in the canonical quantization of supergravity the- 
ories [liill . where the various fermion fields, including gravitinos, 
contribute to torsion. 
3 In the case of string-inspired H-torsion and in the presence of 
fermions, the contortion tensor contains two parts, the fermion- 
dependent ones H18H and the ones proportional to the H-torsion. 
In that case, through the anomaly equation ||21|I and Bianchi 
identity J7J, both terms in the expression for the Hoist action 
(1 23 I t arc proportional to the same form total derivative terms, 
up to algebraic proportionality factors. The final result for the 
integrand of the Hoist action is again given by the anomaly term 
J2U, G(A,u), up to proportionality constants, which can be 
absorbed in the normalization of the parameter r\. 



III. ANOMALOUS MAJORANA MASS 
GENERATION FROM QUANTUM TORSION 

An important aspect of the coupling of the torsion KR 
field b(x) to the fermionic matter discussed above is its 
shift symmetry, characteristic of an axion field. Indeed, 
by shifting the field b{x) by a constant: b(x) —> b(x) + c, 
the action (f2"lZj) only changes by total derivative terms, 
such as cR pvpc R^ vp(J and cF^F^. These terms are 
irrelevant for the equations of motion and the induced 
quantum dynamics, provided the fields fall off sufficiently 
fast to zero at space-time infinity. Our scenario for the 
anomalous Majorana mass generation through torsion 
consists of augmenting the effective action (|2"l2"j) by terms 
that break such a shift symmetry. 

To illustrate this last point, we first couple the KR 
axion b(x) to another pseudoscalar axion field a(x). In 
string-inspired models, such pseudoscalar axion a(x) may 
be provided by the string moduli [H, [l9| . The proposed 
coupling occurs through a mixing in the kinetic terms of 
the two fields. To be specific, we consider the action 



1 



S = / d^xV^g + 



Hx) 

1927T 2 /, 



■R pvpa R 



-Lj5j^ +7 (^6) (^ a ) + i(^a) 2 



2/ 4 
-yja 



(V, 



(27) 



where i/jr = (V'fl) is the charge-conjugate right-handed 
fermion i/jr, = ^7^ 75^ is the axial current of the four- 
component Majorana fermion ip = ipR + (4>r) c , and 7 is 
a real parameter to be constrained later on. Here, we 
have ignored gauge fields, which are not of interest to 
us, and the possibility of a non-perturbative mass M a 
for the pseudoscalar field a(x). Moreover, we remind the 
reader that the repulsive self-interaction fermion terms 
are due to the existence of torsion in the Einstein-Cartan 
theory. The Yukawa coupling y a of the axion moduli field 
a to right-handed sterile neutrino matter ipR may be due 
to non perturbative effects. These terms break the shift 
symmetry: a — > a + c. 

Before proceeding with the evaluation of the anoma- 
lous Majorana mass, it is convenient to diagonalize the 
axion kinetic terms by redefining the KR axion field as 
follows: 

b{x) -» b'{x) = b(x) + ja{x) (28) 
This implies that the effective action (f2"Tf now becomes: 



1 5 5M b'(x) - jajx) „ ~ 



2/ b 2 ' 192tt 2 /6 



-y a ia (ipRi^R - ipRipR 



(29) 



Thus we observe that the b' field has decoupled and can 
be integrated out in the path integral, leaving behind an 
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aRR 




FIG. 1: Typical Feynman graph giving rise to anomalous 
fermion mass generation. The black circle denotes the op- 
erator a(x) R P v\ p R' J ' l ' Xp induced by torsion. 



axion field a(x) coupled both to matter fermions and to 
the operator Rv v P a R^ pa , thereby playing now the role 
of the torsion field. We observe though that the approach 
is only valid for 

M < 1, (30) 

otherwise the axion field would appear as a ghost, 
i.e. with the wrong sign of its kinetic terms, which would 
indicate an instability of the model. This is the only 
restriction of the parameter 7. In this case we may re- 
define the axion field so as to appear with a canonical 
normalised kinetic term, implying the effective action: 



S a 



d 4 X\ 



r ya(x) 



1927r 2 /i,\/i-7 2 



7 Ru 



+ 



— J 5 J 5 "1 



(31) 



Evidently, the action S a in (|31[) corresponds to a canon- 
ically normalised axion field a(x), coupled both to the 
curvature of space-time, a la torsion, with a modified 
coupling 7/ (1927r 2 /b'\/l — j 2 ), and to fermionic matter 
with chirality-changing Yukawa- like couplings of the form 

The mechanism for the anomalous Majorana mass gen- 
eration is shown in Fig.[T] We may now estimate the two- 
loop Majorana neutrino mass in quantum gravity with 
an effective UV energy cut-off A. Adopting the effec- 
tive field-theory framework of [2(j, we first notice that 
the energy (E) dependence of the curvature R is E 2 , 
since it contains two derivatives d^, with id p — >• p p ~ E. 
Therefore, the operator a(x) R P ,v\ P R ,1 ' /Xp gives rise to an 
E 4 dependence. Likewise, on naive dimensional grounds, 
the couplings of the linearized gravitons and h pa to 
chiral fermions tpR and tp R both grow as E, as their 
kinetic terms are proportional to a single power of id p . 
This gives rise to another energy factor E 2 . Collecting all 
the energy factors resulting from the gravitational inter- 
actions and the loop momenta, we find that the two-loop 
graph in Fig.Q]cxhibits a UV cut-off dependence A 6 . This 
leads to a gravitationally induced Majorana mass Mr: 



1 



'J a 7 K 



A 6 



(16tt 2 ) 2 1927r 2 / b (l - 7 2 ) 



49152^871-4(1 - 7 2 ) ' 
(32) 



where in the second step we took into account (|20|) . In 
a UV complete theory such as strings, A and Mp are 
related, since A is proportional to M s and the latter is 
related to Mp (or k) through ^j. 

It is interesting to provide a numerical estimate of the 
anomalously generated Majorana mass Mr. Assuming 
that 7 < 1, the size of Mr may be estimated from ([32]) 
to be 



Mr ~ (3.1 xlO 11 GeV) 



lO- 3 



7 



10- 



A 



2.4 x 10 18 GeV, 
(33) 

Obviously, the generation of Mr is highly model depen- 
dent. Taking, for example, the quantum gravity scale 
to be A = 10 17 GeV, we find that Mr is at the TeV 
scale, for y a = 10~ 3 and 7 = 0.1. However, if we take 
the quantum gravity scale to be close to the GUT scale, 
i.e. A = 10 16 GeV, we obtain a right-handed neutrino 
mass Mr ~ 16 keV, for the choice y a = 7 = 10~ 3 . This 
is in the preferred ballpark region for the sterile neutrino 
ipR to qualify as a warm dark matter [2lj . 

In a string-theoretic framework, many axions might 
exist that could mix with each other. Such a mixing 
can give rise to reduced UV sensitivity of the two-loop 
graph shown in Fig. [T] To make this point explicit, let 
us therefore consider a scenario with a number n ax- 
ion fields, ai,2,. ..,n- Of this collection of n pseudoscalars, 
only ai has a kinetic mixing term 7 with the KR axion 
b and only a n has a Yukawa coupling y a to right-handed 
neutrinos ipR. The other axions aa,3,...,n have a next-to- 
neighbour mixing pattern. In such a model, the kinetic 
terms of the effective action are given by 



5 kin / j4 

a = d X- 



1 n 

^E((^) 2 -A^)+7(9,6)(9"«i) 



1 2 



(34) 



where the mixing mass terms 8M 2 i+1 are constrained 
to be 5M 2 i+1 < MjMj+i, so as to obtain a stable 
positive mass spectrum for all axions. As a conse- 
quence of the next-to-neighbour mixing, the UV be- 
haviour of the off-shell transition a\ — > a n , described by 
the propagator matrix element A ai0n (p), changes dras- 
tically, i.e. A aian (p) oc l/(p 2 ) n ~ l/E 2n . Assuming, for 
simplicity, that all axion masses and mixings are equal, 
i.e. M 2 = M 2 and 8M 2 l+1 = SM 2 , the anomalously gen- 
erated Majorana mass may be estimated to be 



Mr. 



V3y a ~fK 5 A 6 - 2n (6M 2 y 
49152v / 8tt 4 (1 - 7 2 ) 



for n < 3, and 



Mr, 



V3y al K 5 (6M 2 ) 3 (6M 2 y 



49152V8vr 4 (l-7 2 ) (M 2 



2\n-3 



(35) 



(36) 



for n > 3. It is then not difficult to see that three axions 
a i,2,3 with next-to-neighbour mixing as discussed above 
would be sufficient to obtain a UV finite result for Mr 
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at the two-loop level. Of course, beyond the two loops, 
Mr will depend on higher powers of the energy cut-off 
A, i.e. A n>6 , but if kA <C 1, these higher-order effects are 
expected to be subdominant. 

In the above n-axion-mixing scenarios, we note that 
the anomalously generated Majorana mass term will only 
depend on the mass-mixing parameters 5M% of the axion 
fields and not on their masses themselves, as long as n < 
3. Instead, for axion-mixing scenarios with n > 3, the 
induced Majorana neutrino masses are proportional to 
the factor (SM^/M^) n , which gives rise to an additional 
suppression for heavy axions with masses M a 3> 5M a . 

The possible existence of heavy pseudoscalar fields, 
with masses M„ as large as TeV, has been considered, 
for instance in [22], within complicated GUTs, with ex- 
tra strong interactions, confining at very short distance 
scales. Phenomenological implications and astrophysical 
constraints of such heavy axions have been analyzed 
in [23l |. for a wide range of axion couplings. Specifically, 
for the Peccei-Quinn (PQ) axion scale 4 f a ~ 10 12 GeV, 
supernovae data exclude heavy pseudoscalar axion-like 
particles with masses in the region 100 eV < M a < 
1 GeV. Heavier axions are allowed provided their cou- 
pling is greater than f a > 10 15 GeV. 

In the multi-axion models outlined above, the anoma- 
lously generated Majorana neutrino mass Mr will still 
depend on the Yukawa coupling y a and the torsion-axion 
kinetic mixing coefficient 7, besides the assumed UV 
completion scale A of quantum gravity. In order to get 
an estimate of the size of Mr, we treat the axion masses 
M a and mass-mixings SM a as free parameters to be con- 
strained by phenomenology. Let us assume a n-axion- 
mixing models with n > 3, in which the axion mass 
mixing 5M a and their masses M a are of the same or- 
der, i.e. 5M a /M a ~ 1. In this case, employing (I55|) . we 



The PQ symmetry breaking scale f a usually defines the strength 
of the axion interactions with the SM matter (nucleons) and 
photons. Adopting the notations of |2.'J , the relevant interaction 
Lagrangian may be written down as 

Ant = -i?/afea(^)V , fe75'/'fc + ^9a 1 -ia(x)F liv F^ u + . . . , 

where y ak = C'^m^/fa is the Yukawa coupling of the axion 
a(x) to the fermion (nucleon) species xpk of mass mj., g a jj = 
Cj a e m/(27r f a ) is the axion-photon-photon coupling, and C^ j7 
are model-dependent dimcnsionless parameters which are usu- 
ally, but not necessarily, of order one. Notice that there is no bare 
mass for the Majorana fermion if) in our case, which the pseu- 
doscalar field a(x) couples to. Therofore, the scale f a cannot be 
defined, but one should instead constrain directly the dimcnsion- 
less Yukawa coupling y a in 1311 . A detailed phenomenological 
study may appear elsewhere. Of course, one can always assume 
that the axion moduli fields couple, in addition to the Majorana 
neutrinos, also to the SM matter, such as nucleons and photons 
as above, in which case the phenomenological analysis and con- 
straints of [23tl apply. 



may estimate the Majorana neutrino mass Mr to be 

Mr lQ-*y al (6M a ) 6 IP' 3 y al f 8M a \ 5 

M a ~ I-7 2 M a M 5 p ~ I-7 2 \M P J ■ 1 ' 

For axion masses M a < 1 TeV considered in the litera- 
ture thus far, we find that Mr/M u < 10~ 83 , which im- 
plies extra-ordinary small Majorana masses Mr. An ob- 
vious caveat to this result would be to have ultra-heavy 
axion masses M a close to the GUT scale and/or fine- 
tune the torsion-axion kinetic mixing parameter 7 to I , 
in a way such that the factor 1 2 1 compensates for the 
mass suppression (SM a /M P ) 5 in ([57]) . The latter pos- 
sibility, however, might result in an unnaturally large 
(non-perturbative) "effective" Yukawa coupling y° = 
Val \A — 7 2 ~ V^Lr in (|3T|) . which will bring us outside 
the perturbative framework that we have been consider- 
ing here. A more detailed phenomonological and astro- 
physical analysis of all possible axion-mixing scenarios 
may be given elsewhere. 

IV. CONCLUSIONS 

We have shown how, in theories of quantum gravity 
with torsion, an effective right-handed Majorana neu- 
trino mass Mr can be generated at two loops by gravi- 
tational interactions that involve global anomalies. The 
global anomalies result, after integrating out a formed- 
valued pseudoscalar field b, the so-called Kalb-Ramond 
axion, which describes the effect of quantum torsion. 
The KR axion b couples to both matter and to gravi- 
tation and radiation gauge fields. In perturbation the- 
ory, this torsion-descent axion field b has derivative cou- 
plings, leading to an axion shift symmetry: b — > b + c, 
where c is an arbitrary constant. If another axion field 
a or fields are present in the theory, the shift symmetry 
may be broken, giving rise to axion masses and chirality 
changing Yukawa couplings to massless fermions, such as 
right-handed Majorana neutrinos ipR. 

We have estimated the magnitude of the two-loop 
gravitationally-induced Majorana mass Mr and found 
that it is highly model dependent. Its size generically 
depends on three parameters: the value of the Yukawa 
coupling y a to ipR, the kinetic mixing term 7 between 
the KR axion b and the other axion field a, and the as- 
sumed quantum gravity scale A of UV completion. In 
the present study, we have assumed that A is consider- 
ably smaller than the Planck mass, i.e. ft A -C I. The 
anomalously generated Majorana neutrino mass Mr can 
take values, ranging from the multi-TeV to keV scale. 

The radiative fermion-mass mechanism discussed in 
this paper may be used to account for the generation 
of other gauge-invariant masses, such as these pertinent 
to vector-like quarks and leptons. It would be interest- 
ing to investigate, whether this radiative mechanism can 
be consistently extended to supergravity theories with 
quantum torsion and analyze the possible consequences 
of such theories on Majorana fermion masses. 
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